
 
Groupsactingbyconjugation

Recall that agroupG acts on itself by conjugation as follows

g a gag ht g a c G

This satisfies the axioms for a groupaction

1 a I al i a and

gh a gh a gh ghah g g h a

Def Elements a b c G are conjugate if 7 g s t b gag
t

i e if they are in the same orbit under the conjugation
action The orbits in this case are called the conjugacyclasses

of G

Exe If a c Z G then a is theonly element in its conjugacy
class If act 2 a then there is some g s t gag ta sothere are

at least two elements in its conjucacy class

Ncte If G is nontrivial the action of conjugation can't be

transitive since the conjugacy class of 1is always just B

We can also act on subsets of G by conjugation

Recall that P G s SEG is the power set of G
i e the set of all subsets of G



Define an action oh PCG by

g S gsg gsg l ses goG
Again it's straightforward to check that this is in fact agroup action

We say that two sunbsets S and T are conjugate it 7

goG s t T gsg

Recall that if G acts on A and a cA we showed that the number
of eIts in its orbit will be equal to IG Gal ie the index of
its stabilizer in G

In the case where G acts on its powerset by conjugation
and SEG Gs goGIgsg S Ng s

When G acts on itself by conjugation and he G
Gh goGIghg h Ca s
That is

Pep The number of conjugates of a subset SEG is
the index of the normalizer of S IG Na s
In particular the number of conjugates of an elementSEG
is IG Ca s



We know that the orbits of an action partition the
set being acted on so in particular if we add

up the of elements in all the orbits we get
the following

The The Classequation Let G be a finite group and

g ga g representatives of the distinct conjugacy classes
not contained in the center of G Then

14 17Call t IGCacgill

PI Each orbit in the center has exactly one element If
the other orbits are k Kr and gi a representative from
Ki turn Ikil IG Ca gill

Since the orbits partition G summing up their cardinality

gives us the desired equation D

Ex 1h Dr The center is I r

The centralizer of r contains r so it has order 24
Thus IG Ca r E 2 But Srs P so its conjugacy
class is r r

Ca s I s r2 Sr so IG Ca s 1 2 and rsr sr2
so its conj class is s Sr



Note that the tworemaining elts are conjugate t sr r t sp
go Sr Srs is the final conjugacy class

Note that all of the summands in the class group divide
the order of the group This helps us classify some finite

groups

theorem If p is prime and G is a group of order p
some 221 then G has nontrivial center

PI let g g be representatives from theconjugacy
classes not contained in the center if there are any

Then for each gi its conjugacy class has at least 2 elements
so I IG Cagill and Lagrange's Thin says that the index

must divide p Thus for each gi P la acgill

The class equation says that

p 17cal t IG Cagill
T

divisiblebyp

Thus p117cg so 2 G is not trivial D

Cer If 1Gt p for some prime p then G is abelian and



G is cyclic or Zp Zp

Pt 17 G I p or p by the above Thus1 6,1 1 or p so it's

cyclic Thus by a HW problem G is abelian

The nontrivial elements of G haveorders p or p If
has any element of order p then G is cyclic Thus assume
all nontrivial elements have order p

let x c G at 711 Then txt p so we can find ye G x

Then x y Zp xZp Define 4 x y G by
xa yb xay It is straightforward to check this
is a homomorphism

If xa yb c Ken4 then maybeI x y b c ex my But
x Ry E x and the order divides p so a b 0

Thus her6 1 so 4 is injective Both groups have the same

order so it must also be a bijection and thus an

isomorphism D

Conjugacyin
How can you tell based on the cycle decomposition of an



element of Su which elements are in its conjugacyclass

Consider a cycle 0 Ca am and EE Sn

Then what is E E t

If ke I n then E E t Eckl C o K We have2cases

Camel k ai for any i Cie K doesn'tappear in thecycle
Then C o E l Eckl C K so Eckldoesn't appear in the cycle
decomposition of C c t

Case2 k ai then Coc c ai co ai E ain

That is sends ai to ait E E sends ai toClaim

So C E Cca Ccaa E am

This leads to thefollowing theorem

then If 6 cSn has cycle decomposition

a am amn C an

then Coc has cycle decomp Cca cCaz E um Carl

PI COE a am E E am c C C CC an c
so the cycle decomposition followsfrom above discussion



Note that the cycles are disjoint since is a bijection

ai taj e ai t ECaj D

Thus two elements of Sn can only be conjugate if their cycle

decompositions havethe same of cycles of each length Infact

the converse holds

Then a am am am amn is conjugate to

d b bm Gm ti bmz bmw

PI Let e be the bijection sending each ai to bi and every
other element to itself Then EOE o D

Ex Sy has 5 conjugacyclasses w representatives

1 I 2 I 23 1234 2 34 respectively


